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Abstract
Ef�cient Signal Processing Techniques for Future Wireless Communications Systems

Sarod Yatawatta
Athina Petropulu, Ph. D.

Wireless communications systems are evolving to be more diverse in use and more ubiquitous

in nature. It is of fundamental importance that we consume the resources available in such systems,

i.e., bandwidth and energy, to preserve room for more users and to preserve longevity. Signal pro-

cessing can greatly help us achieve this. In this thesis we consider improving the utility of resources

available in wireless communications systems. The basic obstacle for most wireless communica-

tions systems is the multipath channel that causes intersymbol interference. Channel estimation

is a crucial step for recovering the transmitted symbols. Moreover, as more devices are equipped

with wireless capabilities, the bandwidth becomes scarce and it is important to allow more than one

device or more than one user to use the same frequency range or the same channel. However, this

introduces multiuser interference, which is again eliminated only if the channel is known. Further-

more, most wireless systems are battery powered, at least at the transmitter end. Hence it is crucial

that energy consumption is minimized to preserve the longevity of the system.

The contribution of this thesis is three fold: (i) We propose novel bandwidth ef�cient blind

channel estimation algorithms for single input multiple output systems, and for multiuser OFDM

systems. The former exploits cyclostationarity inherent in communications signals. The latter ex-

ploits the structure introduced to the transmitted signal via precoding. We consider design of such

precoders by optimizing performance metrics such as the bit error rate and signal to interference

plus noise ratio. (ii) In the multiuser systems case, we propose a novel cooperative OFDM system

and show that, when users face signi�cantly different chann el conditions, cooperation can improve

the performance of all the cooperating users. (iii) We consider energy ef�cient training based sys-

tem estimation in large MIMO systems. The goal there is to minimize energy consumption both

in transmission of training symbols and in performing computations. We show that by using a di-

vide and conquer strategy in selecting the active set of transmitters and receivers, it is possible to

minimize energy consumption without degrading the accuracy of the channel estimate.
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Chapter 1. Introduction

1.1 Emerging Trends in Wireless Systems

The process of communication is undergoing a major change in both application and scope.

Traditional communications systems are �xed using copper w ire or optical �ber. Moreover, the

purpose of these systems are mainly for voice or data transmission. However, this is changing.

For instance, the number of trivial electronic devices with communication capabilities is in-

creasing day by day. From sensor networks (smart dust[72]) to household appliances, the need for

communication becomes essential as they become more intelligent. The fundamental reason for the

appearance of smarter and smaller devices is the reduction of hardware cost used for computing.

This enables inexpensive deployment of wireless devices. At the opposite end, the Internet is reach-

ing beyond the boundaries laid out by copper wire and optical �bers. There is a visible merging of

the major networks in the world, i.e., the telephony network, cable television network, the Internet

and even the power grid. The last mile obstacle is being overcome by using wireless systems such

as the worldwide interoperability for microwave access (WiMax) [69].

The combined effect of these phenomena will be the transformation of traditional communica-

tion systems to ubiquitous communications systems. Unlike their predecessors, future communica-

tions systems will not be used for only one purpose such as voice or data transmission. For instance,

control [54] and monitoring [45] applications that employ wireless systems are emerging. Hence,

the future communications systems needs to accommodate diverse traf�c with diverse QoS (Quality

of Service) requirements. Consequently, it is fundamentally important to apply our best efforts and

knowledge for the improvement of such systems.
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1.2 Challenges Facing Future Wireless Systems

1.2.1 The Channel

In a wireless system, the transmitter emits an electromagnetic waveform which propagates

through the atmosphere and is received by a receiving antenna some distance away from the trans-

mitter. Inevitably, there will be obstacles in the propagation medium that are both man made such

as buildings, and natural such as mountains. Due to these obstacles the propagating waveform is

both attenuated and re�ected, resulting in multiple propag ating wavefronts. Moreover, it is possible

that two of these wavefronts cancel each other out at the receiver, which results in the phenomenon

called multipath fading. Another form of fading is caused by the random �uctuations o f the condi-

tions in the atmosphere termed as scintillation. Furthermore, thermal noise as well as interference

from other signals degrade the signal reception at the receiver.

The aforementioned effects due to the propagation medium are represented as an abstract entity

called the channel. The effect of multiple wavefronts is represented as multiple paths in a channel. It

should be noted that if either the transmitter or the receiver is mobile, the channel is time-varying. In

order to recover a perfect replica of the transmitted signal at the receiver, it is essential to know some

information about the channel. The cancellation of channel effects is referred to as equalization.

In coherent detection of the transmitted signal at the receiver, complete knowledge of the chan-

nel is required. It is possible to construct the equalizer directly without explicitly estimating the

channel, or indirectly, by �rst estimating the channel. In e ither case, the transmitter should send a

signal known a priori by the receiver which is called training.

Most wireless devices will be battery powered. Hence the transmission of training signals will

seriously affect the longevity of such devices. Moreover, training increases the overhead of the

transmitted signal, thus reducing the net data transmission rate. However, by using blind channel

estimation methods, it is possible to reduce the amount of training required (and energy spent) sig-

ni�cantly. Typically, some special property of the transmi tted signal is exploited for blind channel

estimation. As an illustration of the rich variety of methods available, we could give methods that
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exploit cyclostationarity, methods that exploit higher order statistics (HOS), methods that exploit al-

gebraic structure of the received signal, and even machine learning methods using neural networks.

In most communications systems, the transmitted signal is originating from an information

source, which emits information symbols that belong to a �ni te alphabet. Normally, for complete

recovery of the transmitted symbols, it is suf�cient to samp le the received signal at a rate equal to

the symbol rate. However in fractional sampling, the sampling is done at a rate higher than the

symbol rate. One major class of blind channel estimation methods exploit the statistical properties

of the information source and require fractional sampling at the receiver. By linear precoding of the

input, where the input is passed through a known linear transform, it is also possible to arti�cially

introduce certain statistical properties to the source signal that can be exploited for blind channel

estimation.

1.2.2 Multiuser Interference

As wireless devices increase in number, it is possible that two devices transmit simultaneously

using the same frequency band. This would result in interference of each transmitter’s signal by

the other transmitter. Due to this, neither signal would be recoverable at the receivers and this

effect is called multiuser interference. Normally this is resolved by each user retransmitting its own

signal until it is received without interference by the receiver. However, in some situations, it might

be economically bene�cial to allow multiple users to use the same channel, yielding a multiuser

system. This results in a multiuser detection problem at the receiver. However, by using signal

processing techniques it is possible to recover the transmitted signals of each user.

1.2.3 Exploiting Spatial Diversity

The ability to communicate without wires enables us the full usage of the spatial dimension. The

spatial dimension can be exploited to increase the data rates as well as reduce the error rates, i.e., by

using spatial multiplexing [19]. In order to achieve this, more than one antennae is employed at the

transmitter and the receiver. This effectively results in a multiple input, multiple output (MIMO)



4

system. Due to practical limitations, it is not always possible to employ multiple transmitting and

receiving antennae. However, when multiple users are present, it is possible for some users to act

as relays for other users by transmitting the other users signal. This effectively produces a MIMO

system without increasing the number of transmitting antennae for each user. If all users relay other

user’s signals, it is called cooperation. In recent research work, it is shown to improve the overall

performance of all users.

1.2.4 Hardware Cost and Complexity

The fundamental reason for the proliferation of wireless devices is the low hardware cost. How-

ever, in order to produce cheap hardware, the algorithms run using that hardware should be simple

and should consume less energy. Hence it is also important to design simpler signal processing

algorithms to reduce computational (energy) and hardware cost.

1.3 The Contributions Made by This Thesis

There are several novel contributions made by this thesis to the rich �eld of wireless communi-

cations. They can be itemized as follows:

� A novel algorithm for blind channel estimation in single input single output

systems by fractional sampling. [80, 82, 52]

� A novel algorithm for blind channel estimation in Multiuser/MIMO OFDM

systems using linear non redundant precoding, also focusing on optimal

precoder design. [79, 78, 77]

� A novel multiuser cooperation scheme using OFDM under multipath chan-

nels, with comparisons to a non cooperating systems both analytically and

numerically. [81, 83]

� A novel divide and conquer method of minimizing energy in channel esti-

mation of large MIMO systems. [84]
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We have considered several vastly different problems encountered in wireless systems in this

thesis as seen from the above. However, our motive is clearly to improve the ef�ciency of wireless

systems. We should point out that our use of the term ef�ciency here does not refer to a numerical

quantity. On the contrary, we denote an increase in ef�ciency to be the combined effect of reducing

training overhead, bandwidth usage, energy consumption and hardware cost.

1.4 Outline of the Thesis

In this thesis we focus on meeting the challenges mentioned in the beginning of this chapter.

First we focus on blind channel estimation with simpler algorithms for communications systems.

By estimating the channel blindly it is possible to reduce the energy consumption by eliminating

the need for training. Chapter 2 gives some theoretical background and a novel algorithm for blind

channel estimation of a SISO system.

We also focus on accommodating more than one user in the same channel and using the available

bandwidth ef�ciently. We concentrate on OFDM systems that o vercome the multipath channel by

dividing it into a set of sub channels in the frequency domain. However, when multiple users

share the same channel, multiuser interference is still present. Hence we propose a novel algorithm

for blind channel estimation (and thus eliminating multiuser interference). In chapter 3, we give

the theoretical background on OFDM and in chapter 4, we present the proposed channel estimation

method. In chapter 5, we study the performance of the proposed method and �nd ways of optimizing

it.

Multiple users in communications systems do not always have detrimental effects on perfor-

mance. It is possible for the users to cooperate and by doing so exploit the spatial dimension to

improve performance. In chapter 6, we consider a multiuser OFDM system and �nd limits of per-

formance that can be achieved by cooperation. Cooperation has so far being considered in scalar

channels. However, in chapter 6, we consider cooperation under multipath channels where both

multipath diversity and cooperation diversity coexist.

The energy required for transmission and computation grows as the number of interfering users
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or the number of transmitters and receivers increase. In chapter 7, we focus exclusively on min-

imizing energy spent in channel estimation in multiuser or MIMO systems. We propose a divide

and conquer strategy select active set of transmitters and receivers in order to minimize energy

consumption without deteriorating the system performance.

Finally, in chapter 8, we give possible extensions to the work done in this thesis and present

concluding remarks.
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Chapter 2. Exploiting Cyclostationarity for Blind Channel Estimation

2.1 Introduction

In general, for the estimation of an LTI system excited by an unknown stationary non-Gaussian

input, based on the system output, one has to use higher-order statistics (HOS) of the output sampled

at baud rate. When the input is cyclostationary, which is the case in communications signals, system

estimation can be carried out using second-order cyclic statistics of the oversampled output [20, 67].

Based on this premise, several methods have been proposed for blind channel estimation (for a

review of existing results the reader is referred to [41]). They can be categorized as time-domain and

frequency-domain, with reference to the transform domain in which the problem is formulated. A

serious de�ciency in time domain-methods ([67, 48]) is thei r sensitivity to channel order (or length)

estimation errors. Most often in practice the channel (the combined effect of transmit-receive �lters

and multipaths) is a continuous function of time and its magnitude will not suddenly drop to zero.

The notion of channel length depends on the application. Some methods have been proposed to

overcome the need for channel length information [37, 22, 51], yet this could still pose a problem

when the channel is time varying. On the other hand, frequency-domain methods do not require

channel length, but cannot be applied to band-limited channels. In that case, the phase of the full

spectrum cannot be recovered because the cyclic spectrum has limited support [14]. In practice,

most channels are bandlimited, both by the physical nature of the channel and by the pulse shaping

employed.

In this chapter we propose a novel frequency-domain blind channel estimation approach. The

channel phase frequency response is obtained in closed form in terms of the appropriately dis-

cretized cyclic phase spectrum. For the case of bandlimited channels with a small rolloff, we

propose an approximate expression for the channel phase response, which has low computational

complexity. The resulting channel estimate will always contain an error. However the error will be

negligible if the channel has negligible energy within the stopband. Despite this bias, the proposed
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approach can still be of great practical use since it involves low cost. As a matter of practice, choos-

ing the correct algorithm for a particular purpose does not depend on the accuracy of the result only,

but also on economy in hardware implementation. With the introduction of wireless communication

capabilities to most electronic devices in the of�ng, the pr oposed approach could provide a viable

alternative in reducing cost.

2.2 Theoretical Background

Let us consider the baseband representation of a digital communication system as given in Fig.

2.1. The input s(t) is derived from a communication source, which is generally cyclostationary.

The noise component is given as w(t). The combined effect of transmitter pulse shaping, multipath

interference and fading and receiver pulse shaping is given as h(t) which is called the channel

impulse response.

s(t)

w(t)

x(t)

channel h(t)

Figure 2.1: A digital communications system

Assuming the system h(t) is linear and time invariant (LTI) and is stable in the sense that
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bounded input produces bounded output (BIBO), we can express the received signal as

x(t) = s(t) 
 h(t) + w(t) =

Z ∞

�∞
s(τ)h(t � τ)dτ + w(t) (2.1)

In practice, the information source is discrete, i.e. it emits symbols in discrete steps of time, which

we assume to be constant and call the symbol interval T . Moreover, the emitted symbols will not

take arbitrary values but a �nite set of values that belong to a prede�ned constellation or a �nite

alphabet. In this case, we can re�ne (2.1) as

s(t) =
∞

∑
ν=�∞

sνδ(t � νT ); x(t) =
∞

∑
ν=�∞

sνh(t � νT ) + w(t); ν 2 Z; sν 2 S (2.2)

where the integration has been replaced by a summation and the input takes a �nite set of values

given by sν 2 S and the discrete time step is T .

We should note that the output signal x(t) is still a continuous signal even though the input sν

is discrete. However, in practice, the output is sampled and converted into a discrete value by an

A/D converter. Normally the output is sampled at a sampling interval equal to the symbol interval

T , or at baud rate. However, let us consider fractional sampling with a sampling interval ∆ being a

fraction of the symbol interval ∆ = T
p where p is the oversampling ratio. The sampled output is

x(n)
4
= x(n∆) =

∞

∑
ν=�∞

sνh(n � νp) + w(n); n 2 Z; p 2 Z+: (2.3)

2.2.1 Cyclostationarity of Communications Signals

Let us consider x(n) to be a signal generated by some stochastic process. The autocorrelation of

x(n) is given by

Rx(t1; t2)
4
= Efx(t1)x?(t2)g (2.4)

where t1 and t2 are arbitrary time instances. For a stationary signal, we have,

Rx(t1; t2) = Rx(t1 � t2) (2.5)
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and for a cyclostationary signal, we have

Rx(t1; t2) = Rx(t1 + Tf ; t2 + Tf ) (2.6)

where Tf is the fundamental period. Moreover, the mean of a cyclostationary signal should be

periodic with the same period. Due to this periodicity, it is possible to express the autocorrelation

of a cyclostationary signal by its Fourier Series expansion. Thus, for a cyclostationary signal, with

fundamental period Tf , we de�ne the cyclic correlation as

Rkα
x (τ)

4
=

1
Tf

Z Tf =2

�Tf =2
Rx(t +

τ
2

; t � τ
2

)e� jkαtdt; α =
2π
Tf

; k 2 Z (2.7)

The cyclic spectrum (also termed as spectral correlation density) of a cyclostationary signal is

given by

Skα
x (Ω)

4
=

Z ∞

�∞
Rkα

x (τ)e� jΩτdτ (2.8)

which is the Fourier Transform of the cyclic correlation (2.7).

We next apply these de�nitions to the signal given by (2.2). B efore proceeding, we make the

following assumptions.

� The source signal sν is white with variance σ2, i.e. Efsνsν0 g = σ2δ(ν� ν0
)

� The noise w(t) is stationary white with variance σ2
n and is uncorrelated with

the source.

Then we have

Rx(t1; t2) = σ2
∞

∑
ν=�∞

h(t1 � νT)h?(t2 � νT) + σ2
nδ(t1 � t2) (2.9)

Proof: First note that from (2.2) we have

Rs(t1; t2) = Efs(t1)s?(t2)g = σ2
∞

∑
ν=�∞

δ(t1 � νT)δ(t2 � νT ) = σ2δ(t1 � t2)
∞

∑
ν=�∞

δ(t1 � νT) (2.10)
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By substituting (2.2) in (2.4) we have

Rx(t1; t2) (2.11)

=
Z ∞

�∞

Z ∞

�∞
Rs(ρ;λ)h(t1 � ρ)h?(t2 � λ)dρdλ + σ2

nδ(t1 � t2)

=

Z ∞

�∞

Z ∞

�∞

�
σ2δ(ρ � λ)

∞

∑
ν=�∞

δ(ρ � νT)

�
h(t1 � ρ)h?(t2 � λ)dρdλ + σ2

nδ(t1 � t2)

= σ2
∞

∑
ν=�∞

h(t1 � νT )h?(t2 � νT ) + σ2
nδ(t1 � t2)

yielding us (2.9). �

We see that from (2.9) that (2.6) is satis�ed with the fundame ntal period Tf = T . Thus we con-

clude that the output signal given in Fig. 2.1 is cyclostationary. Next we �nd its cyclic correlation.

Using (2.9) in (2.7) we get

Rkα
x (τ) =

σ2

T

Z ∞

�∞
h(t +

τ
2

)h?(t � τ
2

)e� jkαtdt + σ2
nδ(τ)δ(k) (2.12)

Proof: substitution of (2.9) in (2.7) results in

Rkα
x (τ) (2.13)

=
σ2

T

Z T=2

�T=2

∞

∑
ν=�∞

h(t +
τ
2

� νT )h?(t � τ
2

� νT )e� jkαtdt +
σ2

n

T

Z T=2

�T=2
δ(τ)e� jkαt dt

(a)
=

σ2

T

Z ∞

�∞
h(t +

τ
2

)h?(t � τ
2

)e� jkαtdt +
σ2

n

T
δ(τ)

2sin(kαT =2)

kα

=
σ2

T

Z ∞

�∞
h(t +

τ
2

)h?(t � τ
2

)e� jkαtdt + σ2
nδ(τ)δ(k)

where (a) is due to the summation over ν of the period [�T=2;T =2] being equal to the real axis. �

If H(Ω) is the Fourier Transform of h(t), the cyclic spectrum of x(t) is given by

Skα
x (Ω) =

σ2

T
H(Ω +

kα
2

)H?(Ω � kα
2

) + σ2
nδ(k) (2.14)
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Proof: Using (2.8) and (2.12) we have

Skα
x (Ω) =

σ2

T

Z ∞

�∞

Z ∞

�∞
h(t +

τ
2

)h?(t � τ
2

)e� jkαte� jΩτdtdτ + σ2
nδ(k)

Z ∞

�∞
δ(τ)e� jΩτdτ (2.15)

In order to evaluate the �rst integral, we use the transform X = t + τ=2, Y = t � τ=2 with dtdτ =

dXdY . Then we have

Skα
x (Ω) =

σ2

T

Z ∞

�∞
h(X)e� j(Ω+kα=2)X dX

Z ∞

�∞
h?(Y )e j(Ω�kα=2)Y dY + σ2

nδ(k) (2.16)

Noting that

H(Ω) =
Z ∞

�∞
h(t)e� jΩt dt (2.17)

we get (2.14). �

It is straightforward to extend the de�nitions (2.4), (2.7) and (2.8) for a discrete signal x(n) as

given by (2.3). We �nd that the discrete, oversampled signal x(n) is also cyclostationary with cyclic

period being equal to the oversampling ratio p. Hence we have [20],

Rkα
x (ν) =

p�1

∑
n=0

Rx(n + ν;n)e� j2πkαn; α =
1
p

(2.18)

as the cyclic correlation and

Skα
x (e jω) =

∞

∑
ν=�∞

Rkα
x (ν)e� jνω; n;ν;k 2 Z (2.19)

as the cyclic spectrum.

For the signal given in (2.3) we have

Rkα
x (ν) = σ2

p�1

∑
n=0

∞

∑
r=�∞

h(n + ν � rp)h?(n � rp)e� j2πkαn + pσ2
nδ(k)δ(ν) (2.20)

and

Skα
x (e jω) = σ2H(ω)H?(ω � 2πkα) + pσ2

nδ(k) (2.21)
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Proof: From (2.3) we have

Rx(n + ν;n) = Efx(n + ν)x?(n)g = σ2
∞

∑
r=�∞

h(n + ν � rp)h?(n � rp) + σ2
nδ(ν) (2.22)

Using (2.18) we have

Rkα
x (ν) = σ2

p�1

∑
n=0

∞

∑
r=�∞

h(n + ν � rp)h?(n � rp)e� j2πkαn + pσ2
nδ(k)δ(ν) (2.23)

and using (2.19) we get

Skα
x (e jω) (2.24)

= σ2
∞

∑
ν=�∞

p�1

∑
n=0

∞

∑
r=�∞

h(h + ν � rp)h?(n � rp)e� jνωe� j2πkαn + pσ2
nδ(k)

∞

∑
ν=�∞

e� jνωδ(ν)

(a)
= σ2H(ω)

p�1

∑
n=0

∞

∑
r=�∞

h?(n � rp)e� j(n�rp)(ω�2πkα)e� j2πkαrp + pσ2
nδ(k)

(b)
= σ2H(ω)H?(ω � 2πkα) + pσ2

nδ(k)

where (a) is from the fact that

H(ω) =
∞

∑
n=�∞

h(n)e� jnω (2.25)

and (b) is from the fact that ∑p�1
n=0 ∑∞

r=�∞ � ∑∞
(n�rp)=�∞. �

2.2.2 Estimation of Cyclostationary Statistics

The fundamental quantity that needs to be estimated in a cyclostationary signal is the cyclic

correlation. It is true that for the signal to be properly cyclostationary, the mean has to be periodic

as well. However, in most communications systems, the signal have zero mean and hence this

requirement is automatically satis�ed.

Let us assume that we have l samples of data from x(0) to x(l �1). We also use an N point DFT
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in our calculations. We �rst estimate the autocorrelation o f the signal x(n) as

bRx(n + ν;n) =
1
J

J�1

∑
l=0

x(n + ν + pl)x�(n + pl); 0 � n � p � 1; 0 � ν � N � 1: (2.26)

The number of products in the summation above is given by

J = b l � N
p

c (2.27)

Next, we estimate the cyclic autocorrelation bRkα
x (ν) using equation (2.18) for 0 � ν � N � 1.

We should mention that in most communications systems, the channel h(n) has compact sup-

port. We generally call the support region as the length L of the channel. Due to this compact

support, we see that the support region of (2.18) will be (2.20) �L � ν � L. If some estimate of the

channel length, i.e., �L is available, then we can window bRkα
x (ν) by a rectangular window of length

2�L. Finally, we estimate the cyclic spectrum by taking an N point FFT, i.e.,

bSkα
x (l) = FFT(bRkα

x (ν)); α =
1
p

; 0 � l � N � 1: (2.28)

We give a numerical example at this point. We have considered a communications systems with

4 QAM modulation. The channel h(n) was modeled as an FIR �lter of length L = 5. We used 400

data samples (after oversampling by 4) for estimation. In Fig. 2.2 we have given the magnitudes of

the true cyclic correlation (calculated using (2.20)) and the estimated cyclic correlation. We have

selected the DFT length N to be equal to 37.

Note in particular that for 10 � ν � 20 the magnitude is essentially zero. This is due to the

channel having compact support in time domain. In Fig. 2.3 and 2.4 we have given the magnitude

and phase of the cyclic spectrum for the same system. We note that in Fig. 2.4 there is a phase shift

between the true and estimated phases.

It is important to note here that the phases of the estimated cyclic spectrum will not be symmet-

ric, as the theoretical one should be. In order to make it symmetric, we should shift the estimated
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Figure 2.2: The magnitude of the cyclic correlation for a random FIR channel of length L = 5.

phase by b�N=2pc.

2.3 Frequency Domain Channel Estimation

The basic frequency domain channel estimation procedure involves two steps. In the �rst step,

the channel magnitude is obtained using the magnitude of the power spectrum. From (2.21) we see

that when k = 0,

jSkα
x (e jω)j = σ2jH(e jω)j2 + pσ2

n (2.29)

and for high SNR values, σ2
n << σ2 and we can directly estimate the magnitude of the channel by

taking the square root of the left hand side of (2.29). Even when the noise is strong, it is possible to

extract the channel magnitude from (2.29) using the cepstrum. For more detail, the reader is referred

to [14].

Unfortunately, unless the channel is minimum phase, we cannot reconstruct the channel just by

knowing its magnitude. Hence the second step is to estimate the phase of the channel H(e jω). Let

us rewrite (2.21) as

Skα
x (ω)

4
= Skα

x (e j(ω+πkα)) = H(e j(ω+πkα))H�(e j(ω�πkα)); k 6= 0 (2.30)
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Figure 2.3: The magnitude of the cyclic spectrum for a random FIR channel of length L = 5.

Next we de�ne the phases

φ(ω) = \H(e jω); ψ(ω) = Skα
x (ω) (2.31)

and we see that by considering the phase of both sides of (2.30)

ψ(ω) = φ(ω + πkα) � φ(ω � πkα);k = �1;�2; : : : (2.32)

It has been shown in [6], that equation (2.32) cannot recover the phase response of an arbitrary

channel, since when evaluated for different ω’s it always leads to an underdetermined system of

equations. Viewing ψ(ω) and φ(ω) as Fourier Transforms of sequences Ψ(τ) and Φ(τ), respectively,

it holds [14] that:

Φ(τ) =
jΨ(τ)

2sin(πτ=T )
;τ 6= νT; ν 2 Z: (2.33)

Since Φ(τ) is in�nite at τ = νT , the phase φ(ω) cannot be obtained from (2.33). However, if

Φ(τ) is bounded at τ = νT , the missing information can be recovered via interpolation, assuming

continuity of Φ(τ). The case where Φ(τ) is not bounded, i.e., contains impulses at τ = νT occurs

when φ(ω) contains sinusoidal components with frequency νT . This observation led to the identi�-

ability condition [68] stating that discrete channels with zeros uniformly 2π=p spaced on a circle are
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Figure 2.4: The phase of the cyclic spectrum for a random FIR channel of length L = 5.

not identi�able because they result in oscillatory phase. H owever, even if the channel is identi�able,

(2.33) will be inaccurate for τ � νT . Parametric approaches that obtain the channel parameters from

cepstral information obtained for τ away from the points νT were proposed in [14].

2.4 Proposed Method

We �rst consider an FIR channel that has a full passband. Late r, in section B, we consider the

situation where the channel is bandlimited.

2.4.1 FIR Channels

First we make the following assumption:

(A1) The channel satis�es identi�ability conditions given in [6 8] and [15], i.e.,

there are no uniformly 2π=p spaced zeros on a circle and there are no

spectral nulls in the non-rolloff passband.

We next show that an appropriately discretized version of (2.32) can lead to a solution of the

channel phase.
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Let ω = 2π
N l; l = 0; :::;N � 1. Then,

ψ(l) = φ(l + m) � φ(l � m) (2.34)

or,

ψ(l + m) = φ(l + 2m) � φ(l) (2.35)

where m is the closest integer to Nkα=2 = Nk=2p. Let us �x k to the value k = 1 for maximum

support [20].

Based on (2.35) evaluated for l = 1; :::;N �1, and taking φ(0) = 0, we can formulate the system

of equations:

AN;mΦ = Ψ (2.36)

where Φ = [φ(1) ::: φ(N � 1)]T and Ψ = [ψ(m + 1) ::: ψ(m + N � 1)]T , and ψ(l) = ψ(l + N).

AN;m is a (N � 1)� (N � 1) sparse matrix. It can be viewed as consisting of the columns 2 to N

and rows 2 to N of an N � N circulant matrix, B, whose �rst row equals:

b = [�1;0T
2m�1;1;0T

N�2m�1]: (2.37)

Here 0T
k denotes a row vector containing k zeros. The other rows of B are circularly shifted versions

of b.

A matrix similar to AN;m was also encountered in [7] in a different context, where it was shown

that for N and 2m co-prime numbers, it is full rank with determinant equal to one.

Since N is a number that we select, we can give it a value so that it is co-prime with 2m =

2bN=2pc, thus guaranteeing full rank for A. The phase vector Φ can then be obtained by solving

(2.36). Ideally, we would like the phase expression to involve the modulo 2π phases only, so that no

phase unwrapping is necessary. It turns out that Φ can actually be based on modulo 2π phases, and
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this is due to the special properties of matrix AN;m [7]. It can be shown that, the estimate:

bΦ 4
= A�1

N;m
�Ψ (2.38)

where �Ψ is the modulo 2π phase corresponding to Ψ, satis�es:

bΦ = Φ + φ(0)1(N�1)�1 +
2π
N

ν[1; :::;N � 1]T + 2πK (2.39)

where K is a vector of size (N � 1) � 1 with integer elements, and ν is an unknown integer.

Combining the phase estimate of (2.38) with the correct magnitude spectrum, results in the

channel impulse response with an unknown scalar multiplicative constant, and a circular time shift

equal to ν. We should note here that in comparison with the methods of [14],[36], the proposed

method does not require phase unwrapping.

2.4.2 FIR Channels with Pulse Shaping

In this section, we consider the case where the channel is bandlimited by pulse shaping. The

objective of pulse shaping is to restrict the spectrum of the signal within a �xed frequency interval

[56]. Hence, by its design, the magnitude within the stopband is low compared to the passband.

Moreover, (2.20) will have limited support, thus (2.35) will result in an underdetermined system

of equations. In [14], it has been suggested to use parametric methods to overcome this dif�culty.

Here we propose a non parametric approach that yields an approximate channel estimate.

In addition to assumption (A1) we make the following assumptions:

(A2) The transition band of the channel is negligible compared to the passband,

i.e., the rolloff is very small.

(A3) The energy within the stopband of the channel is negligible.

(A4) Let Lc = bωcN=2πc (cutoff frequency index), where ωc is the cutoff fre-
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quency, then

Lc < N=4: (2.40)

(A5) The number of zeros of the channel on the unit circle Nz satis�es,

Nz > L
N � 2Lc

N
: (2.41)

where L is the channel length.

Assumption (A4) implies that ωc < π=2 rad/cycle. For any system that transmits at or below

Nyquist rate [56], the channel sampled at symbol rate (p = 1) has full bandwidth. Hence to satisfy

this condition we need p � 3. In general, we have no prior knowledge of Nz to check the validity

of assumption (A5). However, by careful design of the shaping function, we can ensure that the

minimum number of Nz is greater than the one required by (2.41). Multipaths will only add more

zeros thus the condition will hold under multipaths if the shaping function itself satis�es it, unless

the channel becomes unidenti�able according to [15].

Let us discretize ψ(ω) in (2.32) on a grid with spacing 2π=N and select N and p so that whenever

φ(ω) falls in the passband, φ(ω + 2πkα) falls in the stopband. We take k = 1 again for maximum

support. This can be achieved as long as,

Lc < m < N=2 � Lc (2.42)

where m is the closest integer to αN=2 or N=2p. A value for m greater than 1 is guaranteed by

N > 4Lc.

Proposition 1 Let h(n) be an FIR impulse response of length L, which satis�es assump tions (A1)-

(A5). Let dh(n) be the channel impulse response constructed based on the correct magnitude re-

sponse of h(n), i.e., jH(l)j, and phase response dφ(l), constructed using the estimated phase of the



21

cyclic spectrum, \ψ(l + m), as:

dφ(l)
4
=

8
><
>:

� \ψ(l + m); 0 � l � Lc � 1; N � Lc � l � N � 1

0; Lc � l � N � Lc � 1

with N and p satisfying (2.42).

Then, it holds:

dh(n)
4
= IDFT fjH(l)je jdφ(l)g (2.43)

= ah(n + b) 

 

�2Ne� j 2π
N kon

Λ(1 � e j 2π
N n)

�
Λ

∑
i=0

δ
�

n � (2i + 1)N
2Λ

�!
+ E(n)

where

E(n)=
a
N

N�Lc�1

∑
l=Lc

 
H(l)e j 2π

N lnH(l)e jf 2π
N (b+n)l+π∑(N�1)=Λ�1

i=Nz u(l+ko�iΛ)g
!

; (2.44)

a = e� jNz(N=2�m); b =
Nz

2
; ko = 2m � Lc;

Λ = bN � 2Lc

Nz � 1
c;

and 
 denotes N point circular convolution.

Proof of Proposition 1: The channel Frequency Response can be given as:

H(ω) =
Ntotal

∏
i=0

(1 � ziz
�1)jz=e jω (2.45)

Here the channel has Ntotal zeros, out of which Nz lie on the unit circle.

Let us refer to Fig. 2.5 to calculate the phase of the terms of (2.45) that contain the zeros on

the unit circle. As ω increases, the phase contributed by this set of zeros changes as if the zeros

themselves are rotated by ω clockwise. Let φi be the phase of (1 � zie� jω) where jzij = 1. It holds:

φi(ω) =
π
2

+
ωc � ω

2
+ i

π � ωc

Nz � 1
; 0 � i < Nz: (2.46)
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Figure 2.5: Calculation of phase due to channel zeros corresponding to the stopband. As ω in-
creases, the phase contribution from these zeros change as if the location of the zeros rotate clock-
wise.

The sum of the phases of all terms (1 � zie� jω) for which jzij = 1, i.e. φz(ω) will then be equal

to Nz(π � ω
2 ).

For ω � θi, it holds:

dφi(ω)

dω
=

r
(1 � r)3 ((1 � r)2 � 1

2
(1 + r)(θi � ω)2); ω � θi (2.47)

We see that as r ! 1, dφi(ω)
dω becomes in�nite, thus indicating discontinuity of φi at ω = θi.

We see from Fig. 2.5 that at this discontinuity, the overall change in φi(ω) is π. Hence, the

overall phase response is linear with jumps of π at frequencies corresponding to each zero on the

unit circle. Note that these jumps will not occur within the passband of the channel. Hence, if Nz

is large enough, within the stopband, φz(ω) will dominate the overall phase response because all its

derivatives become large whenever ω � θi for any i 2 [0;Nz � 1].

If the phase due to zeros away from the unit circle is φt(ω), the phase of the channel can be

given as

φ(ω) = Nz(π � ω
2

) + φt(ω) � π
Nz�1

∑
i=0

u(ω � ωc � i 2
π � ωc

Nz � 1
) (2.48)

where u(ω) is the step function.

Using (2.48), we can rewrite φ(ω + 2πα) in discrete form (ω = 2π
N l) as

φ(l + 2m) = Nz(N=2 � m) � Nzπ
N

l + φt(l + 2m) � π
Nz�1

∑
i=0

u(l + 2m � Lc � iΛ) (2.49)




